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1. Introduction 

In the articles [KL] and [LJ Kazhdan and Lusztig made conjectures that amount 
to the irreducibility of characteristic varieties of intersection homology sheaves of 
Schubert varieties in type A n . In BKSI Kashiwara and Saito provide a counterex- 
ample to this conjecture for n = 7. Previously Kasiwara and Tanisaki IKTllTI gave 
examples of reducible characteristic varieties in other types. On the other hand, in 
the context modular representation theory Braden discovered examples of non- 
trivial decomposition numbers for perverse sheaves (with coefficients in a finite 
field) on flag varieties. One of these examples occurs in type A-j. The second au- 
thor IIW2I pointed out recently that similar considerations give a counterexample 
to the Kleshchev-Ram conjecture |KR |. 

The purpose of this paper is to observe that this is no accident. Given a sheaf 
with integer coefficients extension of scalars yields a sheaf with rational coeffi- 
cients and modular reduction yields a sheaf with coefficients in any finite field. It 
is an easy observation that all the sheaves in question have the same characteristic 
variety. Hence, if a sheaf becomes reducible modulo a prime p then its character- 
istic variety is reducible. Similarly, if a sheaf has irreducible characteristic variety 
then it remains irreducible modulo all primes. 

In section 2 we state the main result. The proof is given in section 3. We include 
a rather lengthy discussion of characteristic cycles and their basic properties from 
various points of view which we hope will help clarify the notion. The most nat- 
ural context for characteristic cycles is the setting of real (analytic) manifolds and 
real constructible sheaves which we discuss briefly in section [3751 In section 4 we 
discuss some examples. 

In 2010 on the Isle of Skye the second author gave a talk about the first exam- 
ples (in types £>2 and A7) of decomposition numbers of intersection cohomology 
complexes of Schubert varieties. Michael Finkelberg remarked that these exam- 
ples coincided with examples due to Tanisaki and Kashiwara-Saito of reducible 
characteristic varieties, and asked if there was a relation. We would like to thank 
him for his observation and question. We would also like to thank Tom Braden for 
useful correspondence and verifying that a certain Schubert variety in type Aj has 
reducible characteristic variety, which led us to believe beyond reasonable doubt 
that there was something going on! 
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Both authors were supported by the EPSRC and would like to thank the MPI, Bonn for a productive 
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2. Statement of the theorem 

Let X denote a smooth complex algebraic variety equipped with a Whitney 
stratification 

X = |J X x 

AeA 

by locally closed connected smooth subvarieties. To each stratum X\ C X and 
local system L of free Z-modules on X\ one may associate two objects: 

i) IC(X\, Ez)\ the intersection cohomology V x -module, which is a regular 
holonomic T>x -module extending , a vector bundle with flat connection 
on X\ whose monodromy is given by L <S>z C 

ii) IC(X\,£i): the extension by zero to X of the intersection cohomlogy com- 
plex extending the local system £ on X\. This is an object in Pa(X, Z), the 
abelian category of A-constructible perverse sheaves on X with coefficients 
in Z. 

Associated to the above two objects are two basic problems: 

i) Or\IC(X\ 1 Ejc) one may choose a good filtration F. The associated graded 
is then a sheaf of modules over gr£>x = Ct*x with support contained in 
the union of the conormal bundles to the strata. Taking multiplicities along 
each conormal bundle gives rise to the characteristic cycle 

CC{1C{X- X ,E C )) = X>AmP5^]. 
n 

A basic problem in the theory of P-modules is the calculation of the mul- 
tiplicities TOAp- 

L 

ii) Fix a prime number p and consider IC(X\, L) ®z F p the reduction modulo 
p of IC(X\, L). It is a perverse sheaf with F p -coefficients on X which in 
general will not be simple. Given any local system M of F p -vector spaces 
on X^ the second basic problem asks for the decomposition number: 

<£, m ,m = [IC(XI,£) k F p : ICp^M)]. 

This question is related to interesting questions in representation theory. 
For example, in both the geometric Satake equivalence IMVI and the mod- 
ular Springer correspondence [J| the above (topological) problem is equiv- 
alent to the (algebraic) problem of determining the decomposition num- 
bers of standard modules. 

Let rk M denote the rank of the local system M. Then: 
Theorem 2.1. rkM • d x £ M < m Ap . 

Recall that the characteristic variety of IC{X\, En ) is defined as the support of 
CC(1C(X\), Ejz). The above theorem has the following consequence: 

Corollary 2.2. Suppose that both the characteristic variety ofXC(X\, E&) is irreducible 

L 

and L ® z F p z's simple. Then 1C(X\, L) <g> z ¥ p is simple for all primes p. 
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3. Characteristic cycles and the proof 

3.1. The Euler characteristic: Let k denote either Z, C or F p and let D b {pt, k) de- 
note the bounded derived category of constructible sheaves of k-modules on a 
point, also known as the full subcategory of the bounded derived category of 
k-modules consisting of complexes with finitely generated cohomology. Let 
denote the Grothendieck group of D b (pt, k). We have a canonical isomorphism 

X : K k ^ Z 

fixed by declaring = L where [k] denote the class of the free module of rank 

1 (placed in degree zero). Of course x is j us t the Euler characteristic if k is a field, 
and is the alternating sum of the ranks if k = Z. 
Consider the functors of extension of scalars: 

D b c {pt,¥ p ) ^ D b c (pt,Z) { --^ C D b ( P t,C). 

These functors are exact (in the triangulated sense) and hence induce maps on the 
corresponding Grothendieck groups: 

Kf p <— Kz — —> Kc 
These functors preserve the class of free module of rank 1. Hence: 
Lemma 3.1. / and c are isomorphisms commuting with x- 

3.2. The characteristic cycle of a constructible sheaf: Recall that X = |J X\ is 
a smooth Whitney stratified complex algebraic variety. We let T*X denote the 
cotangent bundle of X, ir : T*X — > X the canonical projection and T£X := T£ X 
the conormal bundle to X\ C X. A covector £ G T£X is called non-degenerate if 
£ £ TjX for all fj, ^ A. 

As above let k G {Z, C, F p } and denote by D b A (X] k) the A-constructible derived 
category: this is the full subcategory of the bounded derived category of sheaves of 
k-modules consisting of complexes whose cohomology sheaves are constructible 
with respect to the stratification A. 

Now fix a constructible complex 5F g D\ (X ; k) . To SF we wish to associate its 
characteristic cycle, which is a Z-linear combination of the cycles [TfX] for all 
A e A. To this end fix a stratum X\, a point x G X\ and a non-degenerate covector 
£ G T£X such that 7r(£) = x. Then there exists a neighbourhood U of x and a 
holomorphic function cf> : U C such that 

i) 4>(x) = and d<j> x = £, 

ii) d(j> intersects (J T*X only at £, and this intersection is transverse. 
Now set 

A^) := RT {Rc ^ 0} (?) x G D b A ({x};k) 
where {Re^ > 0} := {x e X \ Re^(a;) > 0}. The complex A^(J) is independent 
of the choice of <fi and its Euler characteristic 

depends only A. One then defines the characteristic cycle as 

AeA aga 
For a more concrete description of A^(3 r ), see for example ISVli §2]. 
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3.3. Basic properties of the characteristic cycle: 

i) The characteristic cycle factors through the Grothendieck group of D b A (X ; k) : 
given a distinguished triangle 

then CC(3 r ) = CC(3 r ') + CC(3 r "). (This is immediate from the definition). 

ii) Given J 6 Z)^ (X, k) and X a open in the support of U then for any non- 
degenerate ^eTj! we have 

A £ (J) £ J a [-d A ] 

where c^a denotes the complex dimension of X\. (This may be checked 
directly from the definition.) In particular, if L denotes a local system of 
free k-modules on X\ and IC(X\; L) denotes the intersection cohomology 
extension then ni\(IC(X\; £)) = rk£, the rank of £. 

iii) LetPA(J^;k) c D A (X; k) denote the abelian subcategory of perverse sheaves 
(see IBTSDl ). Then IF e D b A (X; k) is perverse if and only if for all A e A and 
non-degenerate £ G T£X the complex A^(3 r ) is concentrated in degree 0. 
Indeed, by BGMl Theorem 6.4], A^(J) is concentrated in degree if ? is 
an intersection cohomology comple>|3 and hence the same is true for any 
perverse sheaf, as any perverse sheaf is an extension of intersection coho- 
mology complexes. The other implication is now straightforward, and is 
left to the reader. In particular, for J e P\(X; k) we have 

cc(?)e0z> o [r*x]. 

A 

iv) The characteristic cycle commutes with the Riemann-Hilbert correspon- 
dence: Let Pjf-ModA denote the abelian category of regular holonomic 
T>x -modules whose characteristic variety is contained in [JT^X. Recall 
that the Riemman-Hilbert correspondence gives an equivalence of abelian 
categories 

RH : V x -Mod A A- P A (X;C). 

Given any T>x -module Ai one can define its characteristic cycle using the 
theory of good filtrations. We have 

CC(M) = CC(RH(M)). 

This is a theorem due to Kashiwara |K| §8.2]. See the final pages of |SV2| 
for a short proof of this fact. The basic idea is that using results of Ginzburg 
[ G ] and BSV1I both sides can be seen to agree if M. is the £>-module direct 
image of a vector bundle with flat connection on a locally closed subvari- 
ety, and such direct images generate the Grothendieck group of all holo- 
nomic 2?-modules. 

v) The characteristic cycle commutes with extension of scalars: If k G {C, F p } 
and^e L>^(X;Z)then 

CC(J) = 00(3^ k). 



^In IGMI , Goresky and MacPherson only consider coefficients in Z. However their proof only uses 
dimension estimates and hence is valid for coefficients in any field. 
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This is immediate from Lemma 13.11 and the fact that the functors A^(— ) 
and (— ) ®jj k commute up to natural isomorphism. 

3.4. Proof of the theorem: Fix A 6 A and a local system £ of free Z-modules 
on X\. Let IC(X\,£) denote the intersection cohomology complex of X\ with 
coefficients in £ . We have 

IC(Xx~, £)0 Z C^ IC(Xa, L ® z C) 

Fix a prime p. In the Grothendieck group of Pa (A', F p ) we can write 

[IC(X- X ,Z) ®i¥ p ] = £^ M [IC(A^;M)] 

where the sum runs over all pairs /it, M where /i 6 A and M is a irreducible local 
system of F p -vector spaces on X^. Applying CC and using i), ii) and iii) above we 
are led to the inequalities 

m M (ICCXx, £) ®k F P ) > rkM • ^ £ ^ M . 
By iv) and v) we get (with notation as in £0 

GG{XC{X~ X: E L )) = CC(IC(A^;£® Z C) = CC(IC(A^, £)®C)) - CC(IC(Xl;£)®fF p ). 
Hence 

m Xfl = m ll (IC(X x ,Z) ®|F P ) 
which completes the proof. 

3.5. Remarks on the real analytic case. Let X to be a real analytic manifold and 
consider D h c (X\ k) the bounded derived category of sub-analytically constructible 
sheaves. In this case the characteristic cycle has been defined by Kashiwara jKj 
§3]. It coincides with the previous definition in the complex case. 

In the real case we get an isomorphism 

CC : K(X; k) 4 C x 

where K(X; k) denotes the Grothendieck group of D C (X\ k) and Cx denotes the 
group of K + -invariant, sub-analytic Lagrangian cycles on T*X with integral co- 
efficients. (One way of seeing this is to use the fact that any stratification can be 
refined to a triangulation, where monodromy no longer plays a role.) 

Remark 1. Using Kashiwara's definition it is not immediately obvious that one 
obtains a cycle. However, for standard sheaves on simplices this follows by the 
limit construction given in ISVIL As these objects generate K(X; k) it follows that 
one obtains a cycle in general. 

Consider the functors of extension of scalars: 

D b c (X,¥p) D b c (X,Z) ( "A zC D b c (X,C)- 

They induce maps on the corresponding Grothendieck groups 

K(X; F p ) I- K{X] Z) A K(X; C) 
which commute with CC. We summarize this discussion by an analogue of Lemma 

ED 

Lemma 3.2. / and c are isomorphisms commuting with CC and hence all the groups 
K(X; ¥ p ), K(X; Z), K(X; C), and Cx are canonically isomorphic. 
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(One can see directly that / and c are isomorphisms by again refining to a tri- 
angulation.) 

Finally let us note that an alternative definition of the characteristic cycle has 
been given by Kashiwara and Schapira IKSl §9.4] under the assumption that k is a 
field of characteristic zero. It has the disadvantage that it does not work well with 
finite characteristic coefficients. 

4. Examples 

4.1. The flag variety of type B^: Let G be a simple complex algebraic group of 
type B2, B c G a Borel subgroup and X = G/B its flag variety. Let W be the Weyl 
group of G with simple reflections s and t, corresponding to the short and long 
simple roots respectively. Consider the Bruhat decompositon 

X = BwB/B = \J X w . 

Then the Schubert varieties X w are smooth unless w = sts. In this case 

CC(XC(J^7)) = [T^X] + [TfX]. 

This is the first example of a reducible characteristic variety of a Schubert variety 
and is due to Kashiwara and Tanisaki IKTI . 

The singularity of X sts along X s is smoothly equivalent to a Kleinian surface 
singularity of type A\. Hence one has (see (Jl §2.5.3]) 

dP fl Hp = 2, 

I otherwise. 

4.2. Flag varieties of type A: Let G = SL n (C), B c G a Borel subgroup and 
W = S n be the Weyl group. As in the previous example we consider the Bruhat 
decomposition 

X = BwB/B = \J X w . 

Using the computer calculations in BWll Section 5.1] one can show there are no 
decomposition numbers if n < 8. If n = 8 then one can use IW11 Section 5.2] 
to conclude that all decomposition numbers are zero except for 38 possible ex- 
ceptions. Building of work of Braden | W11 Appendix A] the second author has 
performed computer calculations to verify that IC(X W ; Z) ®\ F2 is not simple in 
these remaining 38 cases. Our main theorem now implies that all of these Schubert 
varieties have reducible characteristic variety. 

One of these 38 Schubert varieties (the Schubert variety corresponding to the 
permutation 62845173) has a singularity smoothly equivalent to a singularity in 
a quiver variety of type A$. This singularity was used by Kashiwara and Saito 
IIKS1 Theorem 7.2.1] to provide a counterexample to a conjecture of Kazhdan and 
Lusztig on the irreducibility of characteristic varieties in type A quiver varieties 
and Schubert varieties. The second author |W2] has recently noticed that this ex- 
ample also gives a counterexample to the Kleshchev-Ram conjecture IKRI . 
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